
JOURNAL OF PROPULSION AND POWER

Vol. 16, No. 3, May–June 2000

Combustor Model for Simulation of Combustion Instabilities
and Their Active Control
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The development and application of a numerical model of an actively controlled combustor are described.
The main objective was to develop a model that could be used as a platform for studying closed-loop control of
unstable combustors. The model uses a heuristic approach and global kinetics to describe mixing and combustion
processes in a one-dimensionalgaseous combustor. Initially, the model is used to investigate a combustor’s response
to open-loop excitation by periodic fuel injection. The numerical model’s prediction that 1) the pressure oscillation
amplitude decreases and 2) the phase shift between the fuel injection rate and heat-release oscillations increases
linearly, as the frequency of fuel injection rate increases, are in good agreement with experimental data from a gas
rocket. Next, closed-loop control is studied. The investigated controller determines the characteristics of the most
unstable mode in real time and damps the instability by modulating the injection rate of a fraction of the injected
fuel to excite a secondary combustion process within the combustor out of phase with respect to the most unstable
mode of pressure oscillations. Active control examples include the study of the dependence of the controller’s
performance on the amount of fuel pulsed.

I. Introduction

T HE occurrenceof combustioninstabilitiesoftenhinders the de-
velopmentof propulsion systems. It could cause a catastrophic

failureof thewhole system(e.g., in a rocketmotor), or reduceperfor-
mance (e.g., in a lean premixed combustor) by forcing it to operate
at an equivalence ratio signi� cantly higher than the lean � amma-
bility limit, thereby increasing the NOx emissions. Recently, active
control has emerged as a highly promising approach for controlling
combustion instabilities.The design of an active-controlsystem re-
quires, however, the use of models that can simulate the behavior
of the controlled system. The development of such a model for a
controlled combustor and its performance are the subject of this
paper.

Several approaches have been investigated for active control of
combustion instabilities.1 Active control of instabilitiesis, however,
a relatively new � eld and the development of active controllers for
practical combustors demands further efforts. For example, in a
study of adaptive active control of combustion instabilities,2 it was
observed that under certain operating conditions the control action
can destabilizesome natural acoustic modes of the system. Another
study3 discusses problems related to the adaptive � lter becoming
unstable in the process of controllingcombustion instabilities.Such
problems could be eliminated in the design stage if a model capable
of simulating the performanceof the actively controlledsystem was
available and used to guide the design of the actively controlled
combustor.

The performance of controlled combustors can be investigated
by reducing the governing equations to a system of ordinary dif-
ferential equations using, for example, the Galerkin method, or by
solving them numerically. The latter approach generally requires
considerablecomputationaleffort and is more suitable for develop-
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ing an understanding of the fundamental processes that govern the
controlled combustor’s performance. For example, the numerical
simulations of Menon4,5 focus on the detailed interactionsbetween
the unsteady heat release and vortical and acoustic wave motions
with little emphasis on the performance of the active controller.
Such numerical simulations are capable of predicting the domains
of instability for a speci� c combustor but are not likely to be used
as a design tool due to their high computationalcost. Consequently,
there exists a need for developinga simpli� ed controlledcombustor
model whose solution will be computationally ef� cient and could
be used to investigate the performance of controlled combustors.

The developmentand performanceof such a model are described
in the present study. The model developeduses a heuristic approach
and global kinetics to describe mixing and reaction processes, re-
spectively. It was developed to study active control of axial insta-
bilities in a constant-area combustor that burns premixed, gaseous
reactants. Comparisons were made with data from a gas rocket. To
apply the presentmodel to other types of combustors,modi� cations
involving, for example, the characterization of the spatial depen-
dence of mixing, are required. Active control is attained by modu-
lating the injection rate of a secondary fuel stream that damps the
instability by producing secondary combustion and heat-addition
processes within the combustor out of phase with respect to the
unstable combustor-pressureoscillations.

II. Heuristic Combustor Model
This section describes the derivation of a simpli� ed model that

can be used to qualitatively study the performance of an actively
controlled combustor with relatively little computational cost. Spe-
cial emphasis is placed on developing a model that could account
for the effectsof mixing, convection,and heat-additionprocesseson
the onset of one-dimensionalinstabilitieswithin the combustor and
the effect of various control strategies on the combustor’s stability.
The derivation starts with the following Euler equations:

@U
@t

+
@F
@x

= S (1)

where U ={q f , q ox, q , q u, e}T , with q f , q ox , and q represent-
ing the densities of fuel, oxygen, and mixture, respectively. F =
{q f u, q oxu, q u, q u2 + p, u(e + p)}T and e is the total energy per
unit volume. The source term S that represents the effects of
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chemicalreactionand injectionof secondaryfuel into the combustor
in a direction perpendicular to the main � ow is given by

S = {x f + e f , x ox , e f , 0, Hs e f ¡ x f Qcal}
T (2)

where x f and x ox are the reaction rates of the fuel and oxygen
(related through stoichiometry), e f is the secondary fuel addition
rate per unit volume, Hs is the stagnationenthalpy of the secondary
fuel, and Qcal is the calori� c value of the fuel.

Next, Eq. (1) is modi� ed by the addition of another source term
that heuristically describes the mixing of cold reactants with hot
gases by large-scale � uid motions. It is proposed to start with a
source term of the form W (x)(Umix ¡ U) / s mix , where Umix is a yet
to be de� ned average value of U in the mixing region, s mix is a
prespeci� ed characteristic mixing time that determines the rate of
the mixing process, and W (x) is a prespeci� ed weighting function
that describes the spatial dependenceof the mixing process.Adding
the heuristic mixing term to Eq. (1) yields

@U
@t

+
@F
@x

= W (x)
(Umix ¡ U)

s mix

+ S (3)

The mixing term should act only as a redistributive term and not
serve as an additional source of mass, momentum, or energy. Con-
sequently,after integratingEq. (3) over the total combustorvolume,
the integral corresponding to the contribution of the mixing term
should go to zero. This constraint yields the following de� nition of
Umix:

Umix(t ) =

L

0
W (x)U(x , t ) dx

L

0
W (x) dx

(4)

The form of the selected source term W (x)(Umix ¡ U) / s mix is
similar to that of another mixing model,6 known as the interaction
by exchange with the mean (IEM) model that was originally used
to investigate chemical engineering problems. Some aspects of the
IEM model that are different from our mixing model are as follows:
1) the IEM model is a Lagrangianmodel, 2) the IEM model does not
involve any weighting function W (x), and 3) the average concen-
tration for a species is obtained from a residence time distribution.

The heuristic mixing source term in Eq. (3) contains only one
timescale parameter, namely, s mix. The need for the introductionof
another timescale parameter in the heuristic mixing source term is
discussed next.

Becauseour model is orientedtoward combustioninstabilitycon-
trol applications,the main interest is in capturing the overall behav-
ior of the combustoras a dynamicalsystem.Previousstudies7 ¡ 9 that
describe the effect of the � ame in terms of a transfer function in-
volve the use of a pure time delay for characterizing the combustor
dynamics. This emphasizes the need for the introduction of pure
time delay parameter(s) in the heuristic combustor model. Physical
processes such as mixing and convection are characterizedby pure
time delays. The introduction of a pure time delay type of behav-
ior associated with mixing, through a modi� cation of the heuristic
mixing source term, is discussed � rst. Accounting for a pure time
delay associated with convection will be discussed later.

To incorporate a pure time delay due to mixing in our model,
we start by noting that the unsteady term @U / @t depends on
(Umix ¡ U) / s mix , which acts as a driving term. This dependence
is analogous to that exhibited by the � rst-order ordinary differen-
tial equation dy /dt = (x ¡ y)/ s mix (where x and y are the input and
output, respectively) whose transfer function is 1/ (1 + s mixs). Thus,
the effect of the mixing source term is to drive the local property U
toward an average (Umix ) at a mixing rate controlled by the charac-
teristic time s mix . In the frequency domain, the effect of a pure time
delay associatedwith a mixing process, denotedas s d ,mix , can be in-
cluded in 1/ (1 + s mixs) by the factor e ¡ s d ,mix s , which is the transfer
function for a pure time delay s d ,mix , to yield e ¡ s d ,mix s / (1 + s mixs).
In the time domain, this suggests replacing (Umix ¡ U) / s mix with
(Ud ,mix ¡ U) / s mix where

Ud ,mix(t ) = Umix(t ¡ s d ,mix) (5)

The governing equations are then given by

@U
@t

+
@F
@x

= W (x)
(Ud ,mix ¡ U)

s mix

+ S (6)

The physical signi� cance of s mix and W (x) in our model is dis-
cussed next. Equation (6) shows that the magnitude of the mixing
term is proportional to 1/ s mix . In the limiting case, when s mix ap-
proaches zero, the system is mathematically stable only if U = Umix

in the region where W (x) is not zero. That is, the properties are
uniform in the mixing region. Thus, when s mix approacheszero, this
mixing model resembles the well-stirred reactor model10 that has
been employed in the simpli� ed steady-state analysis of reacting
systems.

The weighting function W (x) [see Eq. (6)] speci� es the spatial
dependenceof the rate of the mixing process that generallydepends
on the combustor geometry and the reactants’ injection pattern and
velocities.For example, the rates of mixing processes in rocket mo-
tors that burn gaseous or liquid propellants are expected to depend
on the characteristics of the regions where fuel and oxidizer jets
impinge on one another and on the shear layers and recirculationre-
gions that form between the injected reactants’jets where high rates
of mixing occur. Taking a radial traverse of a rocket combustor � ow
near the injector plate, one would cross several shear layers and re-
circulationregions imbeddedwithin the high-velocityreactantsjets.
Similar regions will be encountered if one traversed the combustor
along the azimuthal directionat � xed radial and axial locationsnear
the injectorplate.Rapid mixingwill generallyoccur at the interfaces
of the recirculatingregionsand the reactantsjets and at the interfaces
where the reactants’ jets impinge. These observations indicate that
the mixing processes are highly three dimensional. The objective
of the weighting function W (x) is to heuristically account for the
multidimensionality of the mixing process in the one-dimensional
combustormodel that is used in this study. Using intuition, we have
assumed that W (x) attains a � nite maximum value at a short dis-
tance from the injector plate, where mixing processes are expected
to dominate and that it decays exponentiallywith distancealong the
combustor as the reactantsare consumed.This is clearly an approx-
imation as the characteristics of W (x) are expected to depend on
the injection system design and undoubtedlyvary from one rocket
combustor to another.

In general, the function W (x) should be chosen based on the
combustor that is being modeled. For example, if the applicationof
interest is a bluff body stabilized combustor, an appropriate choice
for W (x) would depend on the location, size, and shape of the
bluff body � ame holder because the spatial dependence of mixing
is characterizedby the recirculationzone and shear layers associated
with the bluff body.

III. Investigated Combustor Geometry
The combustormodel developed is applied to a gas rocket, facili-

tating comparisonwith data from a parallel experimentalstudy.11 A
schematic of the combustorgeometry investigated in this numerical
study is shown in Fig. 1. In many aspects it emulates the experi-
mental setup used in a parallel effort to develop an active-control

Fig. 1 Schematic of the investigated combustor.
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system.11 There is, however, a signi� cant difference in the treatment
of the primary reactant feed system in the experiment and in this
numerical study. Whereas in the experimental rig the reactant in-
� ux was always choked, for some cases in this numerical study a
coupling between the primary reactant � ow rate and the combus-
tor pressure has been assumed. This deviation was necessary for
demonstration of combustion instabilities. The present authors be-
lieve that generationof combustion instabilities is possible with the
developedmodel by coupling the parameters of the heuristic model
to the pressure in the combustor even when the primary reactant
� ow is choked. However, in the present study it was decided to
create a simpler instability mechanism on which an active-control
system could be numerically tested. The assumed coupling involves
a lumped element model for the primary feed system that creates a
phase lag between the pressure oscillations in the injector interface
and the mass � ux [ Çmb(t )] of premixed primary reactants into the
combustor. This provides a simple means to account for the effect
of the feed system on the combustor dynamics. In contrast to the
primary in� ow that may or may not be choked (depending on the
numerical example), the ori� ce supplying the secondary (control)
fuel into the combustor is always choked and, consequently, the
secondary fuel � ow rate is not affected by the combustor pressure
oscillations. Thus, the control signal, which is the perturbation in
secondary fuel injection,completely determines the amount of sec-
ondary fuel injected into the combustor at any time.

Becausemethanewas used as the fuel in the parallelexperimental
gas rocket study,11 it was also used in this numerical study and its
reaction rate x f [see Eq. (2)] was modeled using a one-step global
kinetic mechanism.12

The developed solutions were required to satisfy the following
injector boundary conditions:

T0 = const, q u = Çmb / A at x = 0 (7)

where T0 , Çmb , and A are the inlet stagnation temperature of the
primary supply of reactants into the combustor, the corresponding
mass � ux, and the combustor cross sectional area, respectively. If
the primary in� ow into the combustor is choked, Çmb is speci� ed as
a constant.This choked inlet boundarycondition is used to compare
the predictionsof the numericalmodel with experimentaldata in the
� rst numerical example in Sec. V. For a case with primary in� ow
that is not choked, a lumped element feed system model is used
to determine the dependence of Çmb on the combustor pressure be-
cause the elements of the feed system are outside the computational
domain (see Fig. 1).

In the preceding section, the choice for the heuristic source term
thatmodelsmixingwas in� uenced,in part,by theneedto accountfor
a pure time delay associatedwith mixing processes.The dynamical
behaviorof some combustorshas been characterizedby a pure time
delayassociatedwith convection.7,8 The need and means to account
for a pure time delay associated with convection is discussed next
for the injector boundary condition of the primary in� ow.

In a rocket motor, the reactants pass through a complex � ow� eld
before they react. The mixing and subsequent reaction processes
introduce a time delay between the instants of injection and heat
release that may be responsible for driving the instability.13 Con-
vection contributes to a signi� cant fraction of this time delay. In
fact, in an experimental study of instabilities in a gaseous rocket
motor,14 the injector design, which affects the convective and mix-
ing processes, has been identi� ed as the most important factor in
in� uencing the occurrence of instabilities. For a given � uid ele-
ment, consider the time delay between 1) the instant of injection
into the combustion chamber and 2) the instant when the � uid el-
ement releases its heat content. This time delay, which depends
on convection, is different for the experimental combustor and for
our simpli� ed one-dimensionalcombustormodel. To alter this time
delay in our combustor model, the boundary condition specifying
the � ow rate of reactants into the combustor can be shifted in time.
This could be done by using Çmb(t ¡ s d ,c) insteadof Çmb(t) in Eq. (7).
A similar concept of pure time delay has been used by Feiler and
Heidmann15 to study combustion instabilities in rockets.

For theexitboundarycondition,it is assumed that thenozzleat the
downstreamend of the combustionchamber is compact and choked.
Using the quasi-steadyapproximationfor the compact nozzle � ow,
we obtain

M = const at x = L (8)

where M is the Mach number.
To employ the heuristic mixing model for studying this combus-

tor, an expression for W (x) should be chosen. Generally, the char-
acteristics of the mixing processes in a rocket motor depend on the
type of injector used. In this study,due to lack of data describingthe
characteristics of the mixing processes, the function W (x), where
x is the distance from the injector face, is described, for simplicity,
by the expression (refer to the discussion at the end of Sec. II)

W (x) =
0 0 < x < xs

e ¡ (x ¡ xs ) / lmix xs · x < L
(9)

where lmix is a characteristic mixing length, L is the length of the
combustor, and xs is the location of the secondary fuel injection. In
choosing the W (x) given in Eq. (9), the primary concern is to model
mixing in the reaction zone and its vicinity because this has a sig-
ni� cant in� uence on the heat release and, hence, on the instability
characteristics.Although mixing might occur between combustion
productsand excessair far downstreamof the reaction region, W (x)
has been chosen to be of negligible magnitude in this region [see
Eq. (9)] because the present study attempts to model mixing only
in the region where it has a signi� cant in� uence on the heat release
dynamics of the system. The value of W (x) is chosen to be zero
for x < xs and a maximum at x = xs because, in the experimental
gas rocket, the location of the secondary fuel injector was chosen
to approximately coincide with the upstream end of the primary
combustion region. This choice of the secondary fuel injector loca-
tion minimizes the time delay between injection of secondary fuel
and the resultant heat release. The location of the secondary fuel
injector plays a signi� cant role in the pure time delay that charac-
terizes the combustion of the secondary fuel. For the W (x) chosen
in Eq. (9), the secondary fuel injector location xs coincides with
the start of the mixing zone. Because of this, the combustion of the
secondary � ow is predominantly in� uenced by the pure time delay
s d ,mix . On the other hand, the combustion process associated with
the primary reactants is not only in� uenced by s d ,mix , but also by
the pure time delay due to the one-dimensional convection of the
primary reactants from the injector face to the start of the mixing
zone and the additional contributiondue to s d ,c if it is nonzero.

IV. Active Control System
The driving of the combustor-pressure oscillations by the heat-

release oscillations is governed by Rayleigh’s criterion.16 It states
that when the magnitude of the phase difference between the lo-
cal pressure and heat-release oscillations is smaller or larger than
90 deg, the heat release oscillations tend to drive or damp the pres-
sureoscillations,respectively.Rayleigh’s criterionthussuggeststhat
combustion instabilitiescan be controlledusing the secondary (i.e.,
control) fuel injection to generate secondary heat release oscilla-
tions within the combustor 180 deg out of phase with respect to the
unstable pressure oscillations.For effective operation of the active-
control system, the location of the secondary fuel injection should
be such that the oscillatory heat release produced by the secondary
fuel injectionshould occur at or near a region of maximum pressure
oscillations.

The active-control system investigated in this study is based on
an observer17 (this control approach has been tested in the parallel
experimental effort18 ) that can track the most dominant modes of
the instability in real time (see Fig. 2). This is essential because,
in general, the nature of an instability (in terms of its constituent
modes) in a practical system may change with time. A pressure
signal from the combustor serves as the input to the observer that
is set to determine the characteristics of the most dominant mode
in real time. The control signal speci� es the amount and phase of
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Fig. 2 Schematic of the investigated control system.

secondaryfuel injection.The heat releaseproducedby the secondary
fuel injection damps the unstable pressure oscillations.

Next, we estimate the controllerphase shift for our active-control
system. Choosing the appropriate controller phase shift is crucial
because it determines the phase difference between the secondary
heat-release and unstable pressure oscillations, which, in turn, de-
termines whether the secondary fuel injection will damp or amplify
the combustor pressure oscillations. The temporal variation of the
amount of secondary fuel injected into the combustor and, thus, its
phase difference with the local pressure oscillations can be accu-
rately controlled by using an appropriate actuator. The main issue
in attempting to damp the instability is, however, to make sure that
the heat release due to the secondary fuel is out of phase with the
existing pressure oscillations. In our system, because the distance
between the sensor and actuator is much smaller than the charac-
teristic acoustic wavelength, if the heat release associated with the
secondary fuel injection occurs instantaneouslyafter the secondary
fuel is injected, a controller phase shift of p to the dominant mode
of the pressure signal will ensure that the dominant mode will be
damped.However, the heat release is not instantaneousand is deter-
mined by, for example, mixing and chemical kinetic processes that
are dif� cult to model. In our model, the phase difference between
the secondary fuel injection and the corresponding heat release is
mainly determined by the mixing term (refer to the � rst example in
Sec. V for comparison with experimental data) and is given by the
phase of e ¡ s d ,mix s / (1 + s mixs) (see the discussion in Sec. II) that is
¡ x s d ,mix ¡ tan ¡ 1( x s mix) where x is the instability frequency.

In a practical implementation of an active-control system, one
also needs to account for the time delay due to devices that include
an antialiasing� lter and digital to analog and analog to digital con-
verters. Denoting this time delay by s con, the corresponding phase
shift is given by ¡ x s con . Nelson and Elliott19 provide an estimate
for s con in active noise control systems.

By consideration of the cumulative effect of the preceding
phase shifts, the required controller phase shift that will produce
heat-release oscillations due to the secondary fuel out of phase
with the existing pressure oscillations is chosen as p + x s d ,mix +
tan ¡ 1 ( x s mix) + x s con, with x being the observer’s current estimate
of the instability frequency.

Note that our simpli� ed approachof simulating the behavior of a
combustor using a few model parameters has the additional advan-
tage that some of the combustormodel parameters (s d ,mix and s mix in
this case) also serve as controller parameters for the active-control
system. This can also be applicable for active control approaches
other than the observer-basedcontrol system studied in the present
work. For example, an adaptive control system requires informa-
tion about the behavior of the physical system in the form of an
auxiliary path transfer function.2,3,19 The pure time delay s d ,mix can
serve as an estimate for the auxiliary path transfer function (if it is
modeled as just a pure time delay), or a part of the auxiliary path
transfer function (if a delayed inverse model, one type of model for
handling systems with pure time delay,20 is employed).

Next we discuss the choiceof the controllergain.A low controller
gain, as expected, would result in inadequate damping of the insta-

bility.On the other hand,a high controllergain will cause the control
system to be oversensitive to noise, especially when the controller
maintains the pressure oscillations at a low level. To determine the
controller’s gain, the numerical simulation is run with the controller
off and with model parameters that result in a large-amplitude in-
stability. The controller’s gain [units (kg/s)/Pa] is then chosen as
the ratio of the oscillationamplitudesof the instantaneoustotal fuel
consumption rate and the pressure at the injector face, which is a
pressure antinode. In our simple approach, the controller gain is
constant in time, whereas the controller phase shift is a function of
time because it involves the instability frequency. Note that in the
active control demonstration for the parallel experimental work,18

both the controller gain and the phase shift are chosen based on the
instability frequency from a lookup table and, hence, are functions
of time. The lookup table for controller gain and phase shift was
constructedas a functionof frequencybased on open-looptests that
involve pulsation of secondary fuel at different frequencies.11

The study of the active control of the combustion instabilities
necessitates an understanding of the effect of various factors that
in� uence the performance of the control system. As an example,
this study employs the combustor model developed to investigate
the dependence of the performance of the proposed control system
on the � ow rate of fuel used to control an instability of a given
amplitude.

V. Results
This section discusses the results of the numerical simulations

that investigated the performance of the controlled combustor. The
� rst study predicted the open-loop response of the system and com-
pared the results with experimental data.11 The second numerical
study investigated issues relevant to active control of combustion
instabilities.

The initial conditionsassume that only reactantsare present in the
spaceupstreamof the secondaryfuelinjectorlocationand that the re-
mainder of the combustor is � lled with products.Roe’s scheme was
employed to solve the overall continuity, momentum, and energy
equations. The strengths of the characteristic waves used in Roe’s
solver were modi� ed to account for the presence of heat addition.21

The species conservation equations for the fuel and oxygen were
separately solved using upwinding. The accuracy is of � rst-order
in time and space. The secondary fuel injector is located close to
the primary injector face (xs =0.03 m, see Fig. 1). Some conditions
common to the two numerical examples are a Courant–Friedrichs–

Lewy number of 0.7, an inlet temperature of 300 K for the reactants
from the primary and secondary injectors, and a combustion cham-
ber cross-sectionalarea of 1.14 £ 10 ¡ 3 m2 .

In example 1, the fuel � ow rate supplied by the secondary (con-
trol) fuel injector into the combustor is pulsed sinusoidallyat differ-
ent frequencies. The response of the combustor is studied in terms
of 1) the amplitude of the resultant pressure oscillations and 2) the
phase between the secondary fuel injection and total heat-release
oscillations. This comparison is a natural choice for the validation
of our combustor model, which focuses on modeling combustion
dynamics, because a dynamical system is often described in terms
of gain and phase as a functionof frequency.These open-loop stud-
ies were conductedin the parallelexperimentalwork11 to determine
whether theactuator(i.e., the secondaryfuel injector) canadequately
in� uence conditions within the combustor and, thus, be suitable to
serve as an actuator in closed-loop active control of combustion
instabilities.

In the reported calculations, the mean chamber pressure is
3.56 £ 105 Pa, the overall equivalence ratio is 0.85, the total mass
� owrate is1.28 £ 10 ¡ 2 kg/s, and the fractionof the total fuel injected
throughthe secondaryfuel injector is 0.18.These averagevaluesare
held constant as the frequencyof secondaryfuel pulsation is varied.
The amplitude of the secondary fuel � ow rate oscillations is chosen
to equal 100% of the average fuel � ow through the secondaryinjec-
tor. The combustion chamber length equaled 0.24 m to ensure that
its resonant frequencies are considerably higher than the frequen-
cies at which the secondary fuel is pulsed. The computations were
performed with 300 grid points, and the numerical accuracy was
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a) Amplitude of pressure oscillation

b) Phase lag of the total heat release oscillations with respect to the
secondary fuel oscillations

Fig. 3 Comparison of numerical predictions with data from experi-
mental gaseous rocket motor for an open-loop test involving pulsation
of the secondary fuel at different frequencies; model parameters: case
A ¿mix = 1 £ 10¡ 3 s and ¿d;mix = 1 £ 10¡ 3 s, case B ¿mix = 8 £ 10¡ 4 s
and ¿d;mix = 1 £ 10¡ 3 s, case C ¿mix = 1 £ 10¡ 3 s and ¿d;mix = 8 £ 10¡ 4 s
and in cases A, B, and C lmix = 0.1 m.

checked by doubling the number of grid points. Also, in agreement
with the experimental study, the reactants’ in� ow into the combus-
tor is assumed to be choked. Hence, the primary mass in� ow [ Çmb in
Eq. (7)] is a constant and, therefore, the time delay parameter s d ,c

in the injector boundary condition does not alter the imposed mass
� ux. The relevant model parameters are s mix, s d ,mix , and lmix .

The model predictions are in good agreement with experimental
data (see Fig. 3) when the mixing parameters s mix , s d ,mix , and lmix

equal 1 £ 10 ¡ 3 s, 1 £ 10 ¡ 3 s, and 0.1 m, respectively.The value for
s mix was chosen based on the relevant timescales (10 ¡ 4 ¡ 10 ¡ 2 s) in
turbulent combustion.22 The experimental data for the phase shift
shows a linear variation with frequency (see Fig. 3b) that is a char-
acteristic of a pure time delay transfer function. Hence, s d ,mix, the
pure time delay parameter in the heuristic model, was chosen such
that the slope of the phase shift curve matched the corresponding
value in the experimental data. The choice lmix =0.1 m may be in-
terpreted as a rough estimate of the scale of the mixing region and
was chosen based on radiation measurements in the experimental
setup.11

For different values of the heuristic model parameters, curves
qualitatively similar to those in Fig. 3 were obtained. Of the three
model parameters s mix , s d ,mix, and lmix, the heuristic model predic-
tions couldbe variedin a wide rangeusing s mix and s d ,mix and,hence,
the effect of varying these two parameters is discussed next.

The effect of the rate of mixing is studied by changing s mix from
1 £ 10 ¡ 3 to 8 £ 10 ¡ 4 s (compare cases A and B in Fig. 3). Note that
this increase in the rate of mixing, obtained in the present model

by choosing a smaller value for s mix, results in a less rapid de-
crease (compared to case A) of the pressure oscillation amplitude
as the frequency is increased (see Fig. 3a). In the limit, if the heat
release due to the secondary fuel injection occurs instantaneously
after the secondary fuel is injected into the combustor, there would
be no attenuation of the pressure oscillation amplitude as the fre-
quency is increased.The change in s mix has no signi� cant effect on
the phase characteristics (see Fig. 3b).

In the experimental gas rocket,11 the secondary fuel injector is
locatedon the axis of the combustorand has ori� ces that are equally
spaced in the azimuthal direction and oriented to radially inject the
fuel toward the combustor wall. For a given amplitudeof secondary
fuel pulsation, it was possible to increase the amplitude of pressure
oscillation to a certain extent by increasing the number of ori� ces
in the secondary fuel injector and thereby increase mixing. This
effect of change in the secondaryfuel injectordesignon the pressure
oscillationamplitude could be modeled by choosinga smaller value
for s mix.

Comparisonof cases A and C in Fig. 3 shows the effect of chang-
ing s d ,mix from 1 £ 10 ¡ 3 to 8 £ 10 ¡ 4 s. The pressure oscillationam-
plitudes in cases A and C are approximately the same (see Fig. 3a).
The predominant in� uence of a change in s d ,mix is its effect on the
slopeof thephaseshift variationwith frequency(seeFig. 3b, casesA
and C). Based on the analogy of the mixing source term with the
transfer function e ¡ s d ,mix s / (1 + s mixs), one would expect that s d ,mix

would in� uence only the phase characteristics and would not have
any effect on the pressure oscillation amplitude (because the mag-
nitude of e ¡ s d ,mix s , after the substitution s = j x , is unity23 for any
frequency x ). However, there are differences between the heuristic
model, which consists of nonlinear partial differential equations,
and the transfer functionanalogy.For example, it was observed that
larger variations in s d ,mix with respect to case A resulted in signi� -
cant variations in the pressure oscillation amplitudes.

Note that the response of the combustor to excitation, character-
ized by a decrease in pressure oscillation amplitude at higher fre-
quencies, and a linear variation of phase with respect to frequency,
has also been observed in studies of other types of combustors.7 ¡ 9

This example provides con� dence that the heuristic model is ca-
pable of (at least) qualitatively capturing the overall trends in the
dynamical behavior of the combustor.

In example 2, we demonstrate a case of unstable combustion, its
active control, and the effect of the amount of the secondary fuel
pulsed on the performance of the active-control system. For this
case, the primary injector is not choked and the mass in� ow Çmb of
the primary reactantsis obtainedusing the lumped parametermodel
for the feed system.

Depending on the choice of the model parameters, the combus-
tor model exhibits stable or unstable combustion. In particular, an
appropriatechoiceof s d ,c , the pure time delay imposedat the bound-
ary, is useful for simulating large-amplitudeinstabilities.However,
in this example we use only the values for the model parameters
from example1 (i.e., s mix, s d ,mix =1 £ 10 ¡ 3 s each and lmix =0.1 m)
and choose s d ,c =0.0 s, thereby reducing the number of model pa-
rameters.

The mean chamber pressure is 1.0 £ 106 Pa, the overall equiva-
lence ratio is 0.7, the total mass � ow rate is 1.0 £ 10 ¡ 2 kg/s, and
the fraction of the total fuel injected through the secondary fuel
injector is 0.2. The combustion chamber length is 1.57 m, and the
computations are performed with 600 grid points.

The pressureoscillationsat the injector face are shown as a func-
tion of time during the initial growth period (Fig. 4a), and after a
limit cycle is attained (Fig. 4b). A Fourier transform of the limit
cycle pressure oscillations (see Fig. 4c) shows that the instability
consists of primarily the fundamental mode with a frequency of
307 Hz and also a small component at 614 Hz, the � rst harmonic.

The pressure sensor is placed at the injector face because it is an
antinode of all of the axial acoustic modes of the combustor. The
pressure signal is sampled at 10 kHz and serves as the input to the
observer. The control gain is chosen as 4.7 £ 10 ¡ 8 (kg/s)/Pa. The
pure time delay s con discussed in Sec. IV is chosen as 6.0 £ 10 ¡ 4 s
(six sampling times) basedon an estimate from Nelson and Elliott.19
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a) Pressure (injector face), Pa

b) Pressure (injector face), Pa

c) Fourier transform of injector face pressure

Fig. 4 Injector face pressure for an unstable mode of the combustor:
a) initial growth of oscillations, b) oscillations after a limit cycle is at-
tained, and c) Fourier transform of the pressure oscillations after limit
cycle is attained.

Consequently, in the numerical implementation, the output of the
control system is delayedby a time intervalof s con beforebeingused
to specify the amount of secondary fuel injection.

The control is turned on (i.e., the secondary fuel is allowed to be
pulsed) at t =0.52 s, after the instabilityhas already attained a limit
cycle. To demonstrate that the observer is capable of tracking the
dominant modes in a short duration, the estimation of the nature of
the instability by the observer is started at t =0.51 s and the initial

a) Pressure (injector face), Pa

b) Secondary fuel injection (normalized)

Fig. 5 Active control of the instability shown in Fig. 4: a) injector face
pressure oscillations and b) normalized secondary fuel injection.

estimate of the observer frequency is chosen as 1 kHz. In this study,
the observer is used to track only the most dominant mode of the
instability.

As shown in Fig. 5a, the instability is damped by the controller
within a few cycles. The control effort expendedis shown in Fig. 5b
in terms of the normalized secondary fuel injection that is de� ned
as the ratio of the amount of secondary fuel injected at a given time
to the nominal amount of secondary fuel injection.

Next, the effect of the amount of secondary fuel pulsed on the
control system performance is studied by limiting the amplitude of
the secondary fuel pulsation to 25% of the secondary fuel (which
corresponds to 5% of the total fuel � ow); that is, the saturation
limits for the normalized secondary fuel injection are 1 § 0.25. The
injector face pressure and the control effort expended for this case
are shown in Figs. 6a and 6b, respectively.This providesan estimate
for the amplitude of fuel pulsation required to obtain a speci� c rate
of damping of the instability. When the amount of fuel pulsed was
reduced further to 3.5% of the total fuel � ow, the controller action
did not completely damp the instabilitiesbut only resulted in a 16%
reduction in the amplitude of the limit cycle pressure oscillations
with respect to the uncontrolled case.

Similar to this example, the combustor model can be used for
studying different issues in active combustion control such as the
effect of noise level on the active-control system performance, the
controlmethodology,or the possibilityof excitationof stablemodes
by the chosen active-controlsystem.24
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a) Pressure (injector face), Pa

b) Secondary fuel injection (normalized)

Fig. 6 Effect of amountof secondary fuel pulsed on control of instabil-
ity (amplitude of secondary fuel pulsation limited to 25% of secondary
fuel � ow): a) injector face pressure oscillations and b) normalized sec-
ondary fuel injection.

VI. Conclusions
The main emphasis of this work is the development of a com-

putationally inexpensivecombustor model that involves only a few
model parameters and that can simulate the general trends in the be-
havior of the combustor, particularly as a dynamical system. Good
agreement between the trends in the model predictionsand those in
experimental data from a gas rocket, as well as other types of com-
bustors, reveals the effectivenessof capturing the overall combustor
behaviorusing the chosen model structure.Some model parameters
also serve as controller parameters.

The structure of the model has been compared with other models
such as IEM and a well-stirred reactor.

Active combustion instability control is demonstrated through
an observer-based control system. The developed model serves as
a platform to study different issues related to active combustion
instability control.
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